Abstract. Let D be a division ring with an involution. Assuming that D admits Baer orderings, we can study the Witt group of hermitian froms over D by observing its image in the ring of continuous functions on the space of orderings. We are led to define a new class of rings which, when viewed in an abstract setting, provide a natural generalization of the spaces of orderings and real spectra studied in real algebraic geometry.
Introduction and notation.
Let D be a skew field with an involution * (i.e. an anti-automorphism of order 2). We shall call (D, * ) a * -field. We write Z D for its center and
* } for the set of symmetric elements. In order to study the hermitian forms over D, one customarily looks at the Witt group W (D, * ) [S] . If D is commutative, then this group has a ring structure induced by tensor product of the hermitian spaces. The structure of this ring has been heavily studied, particularly in the case where * is the identity. It is much harder to say anything about the group structure, though some results are known (see, for example, [Ls, FM] ). The group W (D, * ) is a ring only when the set of symmetric elements is multiplicatively closed. By work of Dieudonné [D1, Lemma 1; D2, §14] , this occurs if and only if the * -field D is either commutative or a standard quaternion (division) algebra (cf. Section 3). Otherwise, S(D) generates D as a ring. Much more can be accomplished in the case of ordered fields and for this reason, Holland [H2, H3] has worked with Baer's original definition of an ordering for * -fields and extensions of that definition to obtain a tractable noncommutative setting. A survey of the work of many authors on ordered * -fields can be found in [Cr6] .
orderings (see [Pr] in the * = identity case, [Cr2, §4] in general). The topology is obtained as in the * = identity case by taking as open sets the Harrison subbasic sets
Prespaces of orderings. Our primary goal in this section is to begin looking at the structure of W S(D, * ).
We shall see that we can use ring theory to discover much more about the structure of these rings than is possible by merely working with groups. This construction is also new for semiorderings of fields (the * = identity case) and most likely contains more information than the usual Witt ring of a field (see the comments at the end of this section).
Here we adopt the terminology of [KR2] . First note that W S(D, * ) is a Witt ring for G, i.e. a quotient ring of a group ring Z [G] , where G is a group of exponent 2 and the torsion subgroup (zero in our case since C(Y D , Z) is torsion free) is 2-primary. Ordinarily (when * is the identity on a field F ), the group G is F × /F ×2 . For us, the group that works is the multiplicative group in C(Y D , Z) generated by the images of the 1-dimensional forms s , s ∈ S(D) × . We denote this group by G D . Thus we are in the context of the rings studied by Knebusch-Rosenberg-Ware and Kleinstein-Rosenberg. And so (cf. [KR1; KR2] ), we ask if the ring W S(D, * ) is representational (as the Witt ring of a field or even W R(D, * ) is). We shall see in Theorem 2.8 that it usually is not.
In the situation when X D is nonempty and, in particular, if * is the identity, there is a close relationship between W S(D, * ) and W R red (D, * ) . To see this, we first need a pair of simple topological results (compare [GJ, 10.9 
(c)]).

Lemma 2.1. Let Y be a Boolean space and let X be a closed (hence compact) subset of Y . Let U be a clopen subset of X; then there exists a clopen subset V ⊂ Y with
Proof. Since X has the induced topology from Y , there exists a set W open in Y with W ∩ X = U . Since Y is Boolean (and hence has a basis of clopen sets), we can write W = W α , where the sets W α are clopen. Now the collection of sets W α is an open cover of the compact set U , so there is a finite subcover
Proposition 2.2. Let Y be a Boolean space and let X be a closed subset of Y . Then the restriction mapping
Proof. Let f ∈ C(X, Z). Since X is compact, the image of f is compact, and hence finite.
again obtain a clopen set which intersects X in f −1 (k). The sets V k are mutually disjoint, so the function 
We now turn our attention to obtaining a better understanding of the role of W S(D, * ) in general. We recall 
× , and Baer orderings of (D, * ).
We now establish the connection with W S(D, * ).
Proposition 2.5. There exists a bijective correspondence between group homomorphisms
σ : W (D, * ) → Z such that σ( 1 ) = 1, σ( a ) = ±1 for all a ∈ S(D) × ,
and ring homomorphisms W S(D, * ) → Z.
Proof. In view of the previous theorem, we shall show the correspondence between the Baer orderings of (D, * ) and ring homomorphisms W S(D, * ) → Z. W S(D, * ) is a Witt ring for G D as noted at the beginning of this section, and is a subring of C(Y D , Z). It is clear that each Baer ordering P ∈ Y D gives a ring homomorphism W S(D, * ) → Z via evaluation at P . From the general theory of abstract Witt rings in [KRW1] , we know that these are all the ring homomorphisms to Z. Our only worry is that the homomorphisms are all distinct. Assume that P = Q are distinct Baer orderings. This means there is a symmetric element s ∈ S(D) with s ∈ P , s / ∈ Q. Then the hermitian form s in W (D, * ) maps onto an element of W S(D, * ) which is carried to +1 under the homomorphism induced by evaluation at P and to −1 under the homomorphism induced by evaluation at Q.
To understand the structure of the rings W S(D, * ), we recall the elementary operations which build finitely generated reduced Witt rings of fields (cf. [Cr3; M1, Chap. 5] ). These consist of two constructions, one being a direct product in the category of abstract Witt rings (so that the product is again a connected ring) and the other being a group ring extension by an elementary 2-group. The fundamental construction induced by lifting orderings compatible with a valuation from the residue field is a group ring construction. It is considerably more complicated for our rings. To make the constructions clearer, we now introduce an alternative way of viewing them by using the equivalent category of prespaces of orderings defined in [ABR, Chap. IV] .
Let G be a group of exponent 2 and let G = Hom(G, {±1}) be the topological dual group of G for the discrete topology on G. Let −1 = 1 be a distinguished element of G and let X be a subset of G. The pair (X, G) is called a prespace of orderings if the following conditions hold:
The correspondence to a reduced abstract Witt ring for G, say R ∼ = Z[G]/K, is given by taking X equal to the minimal prime spectrum of R and conversely, setting R equal to the subring of C(X, Z) generated by the functions 1−2χ g , g ∈ G, where χ g is the characteristic function of the Harrison set (1) Sum (corresponding to a product of rings): let (X 1 , G 1 ) and (X 2 , G 2 ) be prespaces of orderings. The sum of (X 1 , G 1 ) and (X 2 , G 2 ) is defined to be the prespace of orderings (X, G) = (X 1 ∪X 2 , G 1 ×G 2 ) with the distinguished element (−1, −1) ∈ G and the action
2) Group extension (corresponding to a group ring over an abstract Witt ring): let (X , G ) be a prespace of orderings and H a group of exponent 2 endowed with the discrete topology. The extension of (X , G ) by H is the prespace of orderings
We are led to introduce a new construction for prespaces of orderings which arises from tensor product of the associated rings. This has not been considered previously because it does not arise naturally in the commutative ordering case, even for the real spectrum of a ring. We shall prove that this works in the context of abstract Witt rings below, but first we give the prespace of orderings description:
(3) Product (corresponding to tensor product of rings): let (X 1 , G 1 ) and (X 2 , G 2 ) be prespaces of orderings. The product of (X 1 , G 1 ) and (X 2 , G 2 ) is defined to be the prespace of orderings (X, G) = (X 1 ×X 2 , G 1 G 2 ), where G 1 G 2 is the coproduct in the category of elementary 2-groups with distinguished subgroup {±1} preserved by all homomorphisms; equivalently,
is a pushout diagram for homomorphisms preserving the distinguished element −1.
For the following, all tensor products are assumed to be over Z. For integral group rings it is well known that
We begin by analyzing the minimal prime ideals of this ring. By [KRW2, Lemma 3.3] , they are precisely the kernels of ring homomorphisms to Z when G and H are groups of exponent 2.
Proposition 2.6. Let G and H be groups of exponent 2. The minimal prime ideals of Z[G] ⊗ Z[H] are in one-to-one correspondence with pairs of prime ideals (p, q), where p is a minimal prime ideal of Z[G] and q is a minimal prime ideal of Z[H]. The associated prime ideal is
Proof. As noted above, we need to determine the kernels of homomorphisms onto Z. It is clear that a pair of prime ideals (p, q) induces the homomorphism
φ − → Z, whose kernels yield the desired pair of prime ideals p and q.
In a Witt ring, the −1 traditionally kept as part of the group G must be identified with the −1 of the ring. That is, Z[G]/K must have 1 + −1 in K, where −1 is the distinguished group element −1 ∈ G. Another way to handle this, which makes it easier to deal with group rings, is to work with the factor groupḠ = G/{±1}. We use this notation in the following theorem. This will avoid doing the amalgamation used above in defining the product of prespaces of orderings.
Proof. Since each R i is torsion free, it is a free Z module, whence so is the tensor product. In particular,
The general theory for these rings tells us that √ K i is the intersection of some family
The minimal prime ideals of
are now easily seen to be as claimed by using Proposition 2.6.
In order to prove the main theorem of this section, we must first recall some valuationtheoretic terminology from [Cr1] , where it is shown how to lift Baer orderings from a residue * -field. Let v be a valuation on the * -field D. Following Holland [H2] , we require that v be a * -
so that v induces an involution (also denoted by * ) on the residue skew field D v . For any x ∈ D of value zero, writē x for its image in D v . Let Γ = Γ v be the (additively written) value group of v and let
To make the lifting theorem work, we require that v be smooth [Cr1, Definition 2.1]: for each γ ∈ S(Γ), there exists an
The final fact needed is that for any smooth * -valuation v, there exists a "smooth semisection" s :
× and automorphisms Λ s as above satisfying [Cr1, Theorem 2.7]; we shall not need the details of how the semisection works other than the fact that v • s is the identity on S(Γ). In the proof of the following theorem, we shall only use the formula for lifting Baer orderings from D v to D (which involves both the semisection and the automorphisms) in a rather superficial way.
For commutative fields with identity involution, the lifting theorems for semiorderings are due to Prestel [Pr, §7] . For the Witt ring of a commutative field (or W R(D, * ) for a * -field [Cr4] ), the lifting of the next theorem just gives a group ring extension by an elementary 2-group of cardinality |Γ/2Γ| [Br, Proposition 10] . Throughout this paper, we say a valuation v and a Baer ordering P are compatible if they are compatible in the strong sense that v(a) ≥ v(b) whenever 0 < a ≤ b with respect to P . 
]. 
Proof. To simplify notation in this proof, we write W S(D) and W S(D
Let us now consider (
]. By Theorem 2.7, the minimal prime ideals of the ring 
] are clear as it only involves a tensor product (cf. Theorem 2.7) followed by a standard group ring construction (cf. [ABR, Definition IV.2.7 
]). Letting s : S(Γ) → D
× be a smooth semisection, [Cr1, Lemma 3.2] gives the Baer ordering corresponding to a given pair (P, σ) as
where we writeγ for the class of γ ∈ S(Γ) modulo 2Γ. For a fixed a ∈ S(D) × , we are interested in all the Baer orderings P containing it. If Λ −1
. These are precisely the subbasic sets induced by the group extension, as they are determined by the value of σ at a particular element of S(Γ)/2Γ corresponding to a. On the other hand, if we look at the Baer orderings with a fixed mapping σ, say for simplicity σ(γ) = +1 for all γ ∈ S(Γ), then the sign of a is determined by the sign of Λ This theorem shows immediately that the rings we obtain are not representational (as defined in [KR2] ) or equivalently, these prespaces of orderings are not spaces of orderings (as in [M1, M2, ABR] ), because we obtain new rings not among the well known finitely generated representational ones (see, for example, [M2, Theorem 4.2.2] ). Furthermore, Theorem 2.8 is far from being the whole story. Much more is known about W R red (D, * ) and W red (F ) for a field F , since in the case of * -orderings, there is always a compatible smooth real valuation [Cr4, §4] . Even in the field case with an identity involution, there are new complications as not all semiorderings are compatible with a real valuation; Prestel [Pr, Theorem 7.17 ] has given such an example on the field of rational functions over Q in countably many indeterminates. And in the * -field case, the valuations may be nonsmooth or even have noninvariant valuation rings [MW] , thus failing the hypotheses of Theorem 2.8.
General relations and examples.
This section is devoted to looking at the general relationships between W (D, * ) and W S(D, * ) and the more well known Witt rings associated with fields such as the center of D or the field of central symmetric elements. We end the section with examples. The canonical (group) homomorphisms described in the preceding theorem,
these are of primary importance to us for studying Baer ordered * -fields. We have the following immediate corollary. In special cases more can be said. Some exact sequences are given in [Ls] for the Witt group in the commutative and standard quaternion algebra cases. Here we derive some slightly different results, concentrating on the induced homomorphism from the inclusion of the center in D.
Consider a quaternion division algebra D = a,b F over a field F , generated by elements i, j, where i 2 = a and j 2 = b. We shall refer to the involution defined by (r 0 + r 1 i + r 2 j + r 3 ij) * = r 0 − r 1 i − r 2 j − r 3 ij, where r 0 , r 1 , r 2 , r 3 ∈ F , as the standard involution and to (D, * ) as a standard quaternion algebra.
Recall that an involution * is said to be of the first kind if the center of D is contained in the set of symmetric elements. (Otherwise, the center is a quadratic extension of the field of central symmetrics and the involution is of the second kind.) 
Proof. Because the involution is nonstandard, we know that there are symmetric elements outside of . Now let y / ∈ F(x) = F (i). Since the elements y + y * and y − y * cannot both lie in F (i), we may assume that y is either symmetric or skew. Assume first that y is skew; the fact that it generates the noncommutative ring D over F (i) implies that i and y do not commute. Then iy + (iy)
, then it has the form r + si for some r, s ∈ F . Multiplying on the left by i yields ri+as = ay −iyi = ay −(ay +ri+as), so that r = s = 0, a contradiction of iy − yi = 0. Using iy − yi in place of y, we may assume y is symmetric. Now we can do as above and replace y by a symmetric element j with j 2 equal to some element b ∈ F .
Next define k = ij and write k * = r + si + tj + uk, for some r, s, t, u ∈ F . Applying the involution gives k = r + si + tj + uk * , from which we conclude that
We know k * = k, for that would make D commutative; thus u = −1. Multiplying 4a will give what we want:
Theorem 3.4. Let F be a formally real field.
( (3) The kernel of φ is shown to be generated by elements of the form 1, −dd * just as in the proof of [Cr4, Theorem 2.6] . Now let d = r + si + tj + uk, so that dd * = r 2 + as 2 + bt 2 + abu 2 + 2(rs + btu)i + 2(rt − asu)j; this lies in F if and only if rs = −btu and rt = asu. These equations yield as 2 + bt 2 = 0; this contradicts the fact that D is a division ring unless s = t = 0. Therefore dd * = r 2 + abu 2 , so that ker φ is generated by forms 1, −x where x = dd * is represented over F by the form 1, ab . It is clear that φ cannot be surjective; indeed, nothing maps to the form i ∈ W (D, * ). Furthermore, φ can only be injective if ab ∈ F ×2 since 1, −ab lies in the kernel. In this case x, represented by the form 1, ab , is a sum of two squares which must be a square to make φ injective. Since x = r 2 + abu 2 can be any arbitrary sum of two squares, the field F must be pythagorean. Conversely, if ab is a square and F is pythagorean, then the forms 1, −x are all zero in W (F ) and the kernel is zero. D has 8 Baer orderings (no * -orderings), corresponding to choices of signs for the elements x, y, and ixy. These can be lifted from the unique Baer ordering of the residue field C as in the proof of Theorem 2.8 (see [Cr1, Example 5.2 
]).
Write F 0 = R((x 2 ))((y 2 )). Then we have the canonical homomorphisms 
4. Finite dimensional * -fields. In this section we restrict our attention to * -fields which are odd dimensional over their centers and have at least one Baer ordering. The Baer orderings of such * -fields have been studied extensively by Leung [Le1; Le2; Le3] . The field of central symmetric elements Z 0 = Z D ∩ S(D) will play a particularly important role here.
To apply Leung's theory, we first need some definitions. Following the constructions of [Le2] , we writeJ for the smallest subgroup of Aut Z 0 (S(D)) which is closed under addition and contains all functions of the form
The existence ofJ is equivalent to (D, * ) having a Baer ordering [Le2, Theorem 2.9] . For any subset
Leung introduces the concept of a weak * -ordering, a Baer ordering P of (D, * ) which is closed under multiplication by elements of P ∩ Z 0 . The set T 1 is the intersection of the set of all weak * -orderings of (D, * ) [Le3, Proposition 3.5] . Most importantly for our purposes, Leung [Le3, Theorem 5.9] has shown that restriction of orderings induces a homeomorphism of Y D with Y Z 0 /T 0 , the space of T 0 -semiorderings of Z 0 ; that is, the semiorderings closed under multiplication by elements of T 0 (see [L, Chapter 14] ). Not only does T 1 contain all sums
× , where Nrd(a) is the reduced norm of a [Le3, Proposition 3.5].
We can now improve Theorem 3.1 for odd dimensional * -fields. This will reduce the problem of understanding the structure of the ring W S(D, * ) to the field case when D is odd dimensional. Not much is known about the general situation for even dimensional * -fields. Example 3.5 shows that not much can be said in general. What is known is that if there exists a weak * -ordering, then the * -field is either odd dimensional, commutative or a standard quaternion algebra [Le1] . We have already handled the latter two possibilities in Theorem 3.4. 
In particular, the homomorphism W S(Z 0 ) → W S(Z D , * ) → W S(D, * ) is surjective and is defined by restriction of functions from
Proof. We can prove both parts of the statement by showing that for any symmetric element x of D, the field Z 0 contains an element a which induces the same function on the space of Baer orderings; i.e., if x ∈ S(D) × , there is an a ∈ Z 0 such that for any Baer ordering P ∈ Y D , we have x ∈ P ⇐⇒ a ∈ P ∩ Z 0 . From [Le3, Corollary 3.6] , we see that a = Nrd(x) has this property. Indeed,
We conclude with a class of examples to illustrate the preceding theorem.
Example 4.2: Bicyclic Baer ordered * -fields (cf. [H3, §3.4] ). For more general constructions, see [Pi, §15.1; Co, §3.7; MW, p. 253] . We start with a prime number p ≡ 3 (mod 4). Let ω be a primitive p-th root of unity and let F = Q(ω +ω) be the maximal real subfield of the cyclotomic field Q(ω). Let K be the rational function field Q(ω)(x) with subfields Z 0 = F (x p ) and Z = Q(ω)(x p ). Let σ(x) = xω be a generator of Gal(K/Z). Define an involution * on K by conjugation ζ * =ζ for ζ ∈ Q(ω) and x * = x. Our * -field D is the cyclic algebra
where we extend the involution by defining y * = y. Note that * • σ • * = σ −1 , the field Z is the center of D and is a quadratic extension of the central symmetric elements Z 0 , and K has degree p over Z.
In order to compute W S(D, * ), we need to know all the Baer orderings on D. We know that they restrict to semiorderings of Z 0 in a one-to-one fashion, but Z 0 is a rational function field with an uncountable number of orderings. Any Baer ordering has its order valuation which gives rise to a place into the real quaternions H [ We work with the valuation v 0 for now. The value group Γ D is isomorphic to Z, while the restriction of the valuation to either Z or Z 0 has value group pZ. The residue field is D v 0 = Q(ω)(y) with symmetric elements S(D v 0 ) = F (y). Since y p = 2, the element y must be positive, and in fact has a unique choice under any embedding of F (y) into the real numbers. The field F has exactly p−1 2 orderings as that is the number of possible real values of ω +ω; being a number field, F (y) satisfies the strong approximation property and has no other semiorderings [Pr, Corollary 9.2] . Each ordering of F gives rise to a weak * -ordering of the residue field and this field can also be written D v 0 = F (y)( √ −p). The induced weak * -ordering is unique since D v 0 is a quadratic extension of F (y) where * is just complex conjugation, so S(D v 0 ) = F (y). Now we apply the lifting of section 2, or the simplified version for this situation found in [Le2, Propositions 3.5, 3.6] . Any Baer ordering P of D compatible with v 0 corresponds to a pair of functions: σ P : Γ Z 0 /2Γ Z 0 = {0, 1} → {±1} with σ P (0) = 1, and P P : {0, 1} → Y D v 0 . A similar argument holds for the valuation v ∞ which has the same residue field. Therefore, we have |Y D | = 2 · 2 · ( p−1 2 ) 2 = (p − 1) 2 , provided we can show that every Baer ordering of D must be compatible with v 0 or v ∞ . Now let P be an arbitrary Baer ordering of D. Write A P for the order valuation ring (total, not necessarily invariant) of P and m P for its maximal ideal. Without loss of generality, we may assume that x ∈ m P and work with v 0 (otherwise x −1 ∈ m P as noted above). The element x generates the maximal ideal of A, the ring { (see prespace construction (1) of §2 and [Cr3, Theorem 2.1]). Any abstract reduced Witt ring has the form Z + M , where M is the augmentation ideal, contained in C(X, 2Z), and X is the set of all homomorphisms of the ring to Z. The product is defined by (Z + M 1 ) × (Z + M 2 ) = Z + (M 1 × M 2 ), where Z has the diagonal embedding in the product of the two rings.
